We present a mechanism to endow the polariton gas with attractive interactions. The scheme relies on an exciton reservoir, which can be formed even if excitons lie outside of the light-cone. Such an attractive interaction should open new routes in the physics of quantum fluids, that we illustrate with a simple but nontrivial application whereby the polariton condensate enters the self-oscillation regime powered by the attraction from the reservoir. This results in pulsed emission in the GhZ regime.
We present a mechanism to endow the polariton gas with attractive interactions. The scheme relies on an exciton reservoir, which can be formed even if excitons lie outside of the light-cone. Such an attractive interaction should open new routes in the physics of quantum fluids, that we illustrate with a simple but nontrivial application whereby the polariton condensate enters the self-oscillation regime powered by the attraction from the reservoir. This results in pulsed emission in the GhZ regime. Introduction. Cavity polaritons have attracted the attention of scientists since their discovery over 20 years ago [1] for their unique properties as quasi-particles, e.g., extremely small, but nonzero effective mass, interactions, integer spin making them bosons, etc. [2] This led to a number of outstanding fundamental phenomena: BoseEinstein condensation (BEC), superfluidity, Josephson oscillations and many others remarkable properties have been reported recently [3] [4] [5] . One of the keyfeatures of polaritons is their non-linear optical properties, which opens to them the physics of interacting systems, such as optical parametric oscillations [6] , bi-and multistability effects [7] [8] [9] , numerous topological defects [10] , solitonic physics [11] , etc. Also, boson-boson interaction have an important role in defining the BEC properties. Unlike atoms which have in general attractive interactions, that may result in a collapse of the BEC [12] , polaritons have repulsive interactions [13] . Weak attraction can occur between cross-polarized polaritons [14] , but this is in addition to the dominant co-polarized repulsion.
It is increasingly appreciated that the polariton gas features one additional strong departure from its atomic counterpart, which is the presence of an exciton reservoir, i.e., particles uncoupled to light that lie at higher energies and higher k vectors, and which provide a supply of particles for the short-lived polaritons at the bottom of their dispersion. The reservoir can extend considerably the lifetime of a polariton experiment [15] and even manifests directly [16] . As a rule, it strongly renormalizes the interaction strength, leading to a blueshift of the polariton emission [17, 18] . The exciton reservoir arises not only when it is created by direct incoherent excitation, but can also be formed from resonant ground state excitation [19, 20] . Recent experimental studies have reported a peculiar dynamics of polariton wave-packets [21] , featuring a collapse of the condensate which is a signature of effective attractive interactions, but the exact nature of these is still unknown.
In this Letter, we provide a mechanism to bring-in an attractive effective interaction for the polaritons, that is dominant over the other types of interactions. The core idea is to rely on high-k excitons which indeed attract the ground state polaritons through their excitonic component. This should open new directions both to study the fundamental physics of these strongly correlated gas, but also for applications since, thanks to their extremely long lifetime and heaviness, high k excitons can provide engineerable potentials for polaritons, which is one of the prerequisites to use them in logical gates [22] . It seems that at the moment there is no way to imprint a dynamical negative potential (potential wells) of arbitrary shape. For instance, due to the repulsive polariton-polariton interactions, optical barriers can provide only positive potential (potential walls). Creation of negative potentials from the attractive interaction between cross-polarized particles has a lot of restrictions as well, due to the instability of the polarization and of the weakness of such an interaction. Acoustic waves [23] brought up considerable tuning but do not allow for structures of arbitrary shapes. By using the long-lived exciton reservoir to create the potential structures, on the other hand, one can imprint virtually any shape from the excitation spot.
Polariton-polariton interactions. The main contribution to the polariton-polariton interaction is brought by their exciton component. The theory was developed by Ciuti et al., where the exciton-exciton scattering was separated into three types of processes: the direct Coulomb repulsion, the exciton exchange interaction and the carrier (electron and hole) exchange interaction [24] . Considering two excitons with wavevectors Q and Q ′ with ∆Q = Q − Q ′ , scattering each in the reciprocal space by the amount ±q, the Hamiltonian describing each of these interaction processes reads:
where i, j label the type of interaction, θ is the angle between ∆Q and q, λ 2D is the exciton Bohr radius and I j i (∆Q, q, θ) some overlap integrals whose complete expression is provided in Ref. [24] , and that provide the specific part for the interaction of the three different types. Generally, polariton-polariton interaction results in two processes: scattering of polaritons from states Q and Q ′ to new states Q + q and Q ′ − q, and an effec- tive renormalization of the polariton energy, that can be considered as a scattering from (Q, Q ′ ) to (Q ′ , Q). The latter case corresponds to the matrix elements of interaction at q = 0. The integral of direct interaction vanishes and only the exchange terms remain. Figure 1 shows the magnitude of the three integrals as a function of the momentum difference ∆Q (interrupted lines), and the total interaction (thick line).
While the integral expressions I j i (∆Q, q, θ) have been known for over a decade and used in a large body of works [14, 19, 25] , the focus has been to the best of our knowledge exclusively on the transmitted wavevector q and for zero or small exchanged wavevector ∆Q, since it is typically much less than the inverse Bohr radius of the exciton. Furthermore, the strength of the interaction is usually considered equal and repulsive for all polaritons. However, as can be seen on Fig. 1 , when ∆Qλ 2D > 2.4, the interaction changes its sign and becomes attractive. Moreover, the magnitude of the attractive interaction for large exchanged wavevectors is of the same order as the magnitude of repulsion in the common case of small exchanged wavevectors.
For the usual value of a Bohr radius in the range from 10 to 100 nm, the attractive interaction results for wavevectors difference of ∆Q > 2.4 × 10 7 m −1 . To provide an attractive interaction between ground-state polaritons and high-energy excitons in GaAs structures, this value of ∆Q bring the exciton reservoir nearby the frontier of the light-cone, and in common cases it lies outside of it. This means that these excitons are not coupled with light, which can result advantageous to retain them for longer times in their role of an effective reservoir, but also impedes their introduction in the system straightforwardly in an optical way. We therefore propose to use the polariton-polariton scattering in order to create the high-k excitons, namely, to scatter off the Upper Polaritons Branch (UPB) with no momentum to the lower branch, with conservation of the energy. Similar processes has already been demonstrated [26] . To estimate the magnitude of attraction that can thus be obtained, let us consider an ordinary cavity with a Rabi splitting of 6 meV at zero detuning. Considering an exciton mass m X = 0.5m 0 and an exciton Bohr radius λ 2D = 30 nm, the wavevector of the final state is k f = 2 × 10 8 m −1 . This corresponds to the value ∆Qλ 2D = 6, i.e., the interaction between excitons and polaritons will be well into the attractive regime. One can furthermore tune the strength of interaction, and even can show the transition between two regimes, thanks to the dependence of this value on system parameters such as the Rabi splitting, the detuning, the exciton mass and Bohr radius, etc.
To quantify the interaction strength to scatter polaritons from the bottom of UPB to high-k excitons, one should also calculate Eqs. 1 but now taking ∆Q = 0. In this case I e exch = I h exch and I X exch = I dir , so only two integrals have to be calculated. Also, since we are interested in the scattering into attractive states, we can assume qλ 2D ≥ 2.4. The result is presented on Fig. 2 . Scattering matrix element decreases significantly as scattered wavevector increases. Still, in the region of reciprocal space we are interested, I tot (∆Q = 0, q = k f ) ≈ I tot (∆Q = k f , q = 0). In other words, the strength of scattering of two polaritons has the same order as the strength of exciton-polariton interaction.
To describe in more details the mechanism of the reservoir formation under this scheme, we consider the dynamic of relaxation of the upper branch polaritons at k = 0 into reservoir excitons at ±q. We must also include the thermal relaxation of these excitons to lower energy states, and therefore introduce a population "cx" of cold excitons. A set of semi-classical Boltzmann equations written for the second-and first-order scattering processes [27] provide the equation of motion for their populations:
We have included γ 0,cx the polariton (exciton) inverse lifetime, w ik are the scattering rates between i and k states, and P 0 is the pumping rate of the UPB. Since the reservoir excitons lie outside of the lightcone, we consider that their lifetime is limited only by their scattering rate w qcx to cold states. In 2D systems, polaritons scatter to a continuum of final states that lie on the equipotential ellipse in the reciprocal space, that we can reduce to one value only by integrating over the density of states. Finally, taking into account that n −q = n q , the set of equations is reduced to:
where W Rcx (W 0R ) is the total scattering rate from the reservoir to cold excitons (from initial state to the reservoir), N 0 , N R and N cx are the total densities of polaritons, reservoir and cold excitons respectively. The value of W Rcx is important since it constrains the attractive reservoir lifetime. From acoustic relaxation only, the effective time τ Rcx = 1/(2W Rcx ) takes values from tens of picoseconds to nanoseconds depending on the 2D exciton Bohr radius and the width of the quantum well [27] .
For excitons with a small Bohr radius, although this time is short relatively to the cold exciton radiative lifetime τ cx = 1/(2γ cx ), it remains long with respect to the polariton lifetime τ 0 = 1/(2γ 0 ), so an attractive reservoir could be obtained for some finite duration of time, e.g., in pulsed excitation experiments. For excitons with a large Bohr radius, τ Rcx ≫ τ cx and the attractive potential can be sustained in the CW regime. The total density of excitons in the reservoir is easily obtained from the steady-state of the Boltzmann equations (3):
while for the population of cold excitons:
with N 0s the steady-state value of the polariton density:
Since W 0R has the same order of magnitude as the strength of polariton-polariton interaction (it is possible to get the product W 0R N 0 up to meV scale), and the reservoir exciton lifetime is very long ( γ R < 0.1 µeV), one can easily obtain the ratio N Rs /N 0 ≫ 1. Also, if W Rcx ≪ γ cx , we can obtain N Rs /N cx ≫ 1, which means that the attractive forces acting on the ground-state polaritons will prevail.
Polariton dynamics. Equations 3 can now be extended to describe the coherent dynamics of the polaritons. We write a set of non-linear Schrödinger equations for the wavefunction of the upper polaritons (ψ 0 (r, t)) coupled to the attractive exciton reservoir (N R (r, t)), which, in turn, are coupled to the gas of repulsive cold excitons N cx (r, t):
Here, α and β are the polariton-polariton and excitonpolariton interaction constants. α is proportional to the product X 2 I tot (∆Q = 0, q = 0), when β ∼ XI tot (∆Q = 0, q = 0). X is the Hopfield coefficient which is 1/2 at resonance. Taking I tot = −30 for α and I tot = 5 for β, we obtain a ratio α/β = −3. The scattering rate W 0R has the same dimensionality and the same order as β. The term P (r, t) that is responsible for the polariton creation describes the resonant optical injection and is fixed externally, by the experimentalist. We assumed a Gaussian in space for the simulation. The term P R (r, t) describes the exciton creation and is defined self-consistently by the equation of motion. Its amplitude is proportional to W 0R |ψ 0 (r, t)| 4 , modulated by the Fourier transform of an ellipse in the reciprocal space, as long as excitons are created in excited states.
Excitons have a slow motion as compared to the polaritons, due to their heaviness, and in the equations we neglect indeed the motion of the cold excitons. However, the group velocity of hot excitons in the region of interest in the reciprocal space (q R = ∆Q ∼ 10 8 m −1 ) is about 1 µm per 40 ps, which remains slow at the scale of the polariton lifetime but should be considered at the timescales over which the reservoir is expected to hold. Therefore, we do not neglect the motion of the reservoir excitons in our calculation. However, the numerical integration of Eq. (7) in this form, i.e., with a Laplacian for the diffusion, is costly in time. To facilitate the computation, we approximate the reservoir exciton motion as ballistic, i.e., we solve:
In other words, we approximate the exciton dispersion by a linear function, whose slope is the tangent to the actual parabollic dispersion at high wavevectors. In this way, we can shift the excitons momentum to the origin of the reciprocal space without changing their motion. This approximation only neglects the diffusion of excitons, which, however, can be neglected just like the motion of the cold excitons. Also, for simplicity we neglect all the possible non-linear terms in the equation for the exciton motion.
We can now solve Eqs. (7) numerically. We consider a CW coherent resonant excitation at the bottom of the UPB with a Gaussian spatial profile in planar geometry. We take the following parameters: τ Rcx = 2 ns, τ cx = 200 ps and an excitation spot of 3 µm. The time evolution of the polariton intensity is shown in Fig. 3 a.
In this text, we considered the upper polariton branch only, while dealing with the lower branch is more convenient and popular in the laboratory. Essentially the same physics and ideas apply to lower branch polaritons in the presence of the attractive reservoir, giving qualitatively the same behavior.
It appears right away that the interplay of attraction and repulsion indeed results in a nontrivial dynamics of the polariton intensity, featuring beatings in time with a period of 500 ps. This represent a significant improvement on the recent experimental reports of oscillating emission from a polariton condensate [16] , since in our case the oscillation does not relax towards an equilibrium or decays with the condensate, but is sustained forever by the external continuous pumping, representing therefore a stronger case of self-oscillations. This behaviour can be easily understood. Polaritons introduced in the cavity are partially converted to reservoir excitons, and the competition between the polariton-polariton repulsion and the exciton-polariton attraction triggers a selfoscillation [28] . When the excitation intensity is strong enough, the attractive interaction prevails, creating a potential dip in the center. Polaritons from the edges of the spot start to flow towards the exciton reservoir, increasing the number of polaritons in the center, and, therefore, also increasing the rate of polariton-exciton conversion. The effect becomes avalanche-like, the polariton wavepacket collapses and the number of excitons in the reservoir increases abruptly, providing a strong redshift for the polariton mode (up to 1.5 meV in our calculations). The energy shift of the ground state makes the optical injection of polaritons inefficient, resulting in a strong diminution of the polariton intensity. The redshift is kept up to 200 ps until the reservoir excitons flow away (their dynamics is shown in Fig. 3b) , and the whole dynamics is repeated. The relaxation of reservoir excitons is slow as compared to their flow velocity, and a bunch of repulsive excitons, as well as the repulsive potential that they cause, are created outside of the excitation spot, not affecting the polariton dynamics in its center. The transition of the system from a normal behavior with constant emission intensity to the oscillating regime occurs when the excitation intensity crosses a threshold P th , which could be roughly estimated from Eqs. (2-4) . The transition between the two regimes occurs when the inwards flow compensates the outwards flow, thus establishing a steady-state in the center of the spot. The value of the treshold P th is obtained from solving the equation that establishes the threshold αN 0s + 2αN cxs = −βN Rs along with Eqs. (4), (5) and (6) .
Conclusions. We have demonstrated the possibility of providing an effective attractive polariton-polariton interaction mediated by an exciton reservoir. This should allow to investigate a much wider range of dynamical behaviours and exotic phases of the polariton systems. We simulated a simple regime of CW excitation where self-induced GHz oscillations are sustained, showing the prospects of this mechanism also for applications, such as clocking or pulsed lasers.
